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ON A PROBLEM OF COUNTABLE EXPANSIONS 


YURU ZOU AND DERONG KONG 


Abstract. For a real number q G (1,2) and x G [0, 1/(q— 1)], the 
infinite sequence {di) is called a q-expansion of x if 


X = , di G {0,1} for all i>\. 


For m = 1,2, ••• or Hg we denote by Bm the set of 9 G (1,2) 
such that there exists x G [0, \/{q — 1)] having exactly m different 
g-expansions. It was shown by Sidorov [TB] that 92 := min ,62 ~ 

1.71064, and later asked by Baker [1] whether 52 S B-^^l In this 
paper we provide a negative answer to this question and conclude 
that is not a closed set. In particular, we give a complete 
description of x G [0, l/(g 2 — 1)] having exactly two different 52 - 
expansions. 

1. Introduction 

Given q G (1, 2) and a real x E Ig := [0, l/{q — 1)] we call the infinite 
sequence (dj) a ^-expansion of x if 



Expansions in non-integer bases were pioneered by Renyi na and Parry 
na. It is well known that for each q G (1,2) almost every x & Iq has 
uncountably many g-expansions (see, e.g., [Sj [6l [IS]). In particular, 
for q G (Ggc) all except two endpoints of Iq have a continuum of 
g-expansions, where gc = (1 + \/5)/2. However, for q > qc there 
exists infinitely many numbers x E Iq having a unique g-expansion 
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(see m)- Furthermore, Glendinning and Sidorov [9] showed that there 
exists a constant qkl ~ 1.78723, called the Komornik-Loreti constant, 
such that the set Uq of numbers x having a unique g-expansion has 
positive Hausdorff dimension if g > while Ug is at most countable 
if g < qxL- Recently, Kong and Li [I3] gave the Hausdorff dimension of 
Uq for g G (1,2) (see also Komornik et ah [H]). For more information 
we refer to the papers [El El do] and surveys [nmo]. 

Unlike the integer base expansions, it was discovered by Erdos et al. 
[ZlIH] that for g G (1,2) and m = 1,2, • • • or Mq there exists x G Jg 
having exactly m different g-expansions. We denote by Bm the set of 
all such g’s, i.e., Bm is the set of g G (1, 2) such that there exists x E Iq 
having exactly m different g-expansions. 

The following results on Bm are due to Sidorov and Baker PE101IH]. 

Theorem 1.1. (1) The smallest element 0 /H 2 is g 2 ~ 1.71064, the 

appropriate root of 

x^ = 2x^ -t- X -I- 1; 

(2) The smallest element ofBk,k > 3, is qf ~ 1.75488, the appro¬ 
priate root of 

x^ = 2x^ — X -I- 1; 

(3) The smallest element ofBuo is qc = (l-l-\/5)/2, and the second 
smallest element of B-^q is g^o ~ 1.64541, the appropriate root 
of 

X® = x^ -f x^ -I- 2x^ -1- X -1-1. 

It was asked by Baker [T] whether g 2 G ? In this paper we provide 
a negative answer to this question. 

Theorem 1.2. g 2 ^ 

Sidorov [TH] showed that there exists a sequence q^"'^ G Bnq,n > 1, 
strictly decreasing to g 2 , and later Baker P proved that Hhq H (1, g/] \ 
{g 2 } is a discrete set. By using P Theorem 4.5] and Theorem 11.21 we 
have the following structure of 

Corollary 1.3. Hhq H (l,g/] is a discrete set containing countably in¬ 
finitely many elements. Furthermore, B-^q is not closed. 
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It was shown in [U Theorem 4.1] that if x G Iq^ has nnconntable 
g 2 -expansions, then x has a continnnm of g 2 -expansions. By using 
Theorems 11.11 and 11.21 we have the following corollary. 

Corollary 1.4. Let x & Iq^. Then x has a unique q 2 -expansion, two 
q 2 -expansions, or a continuum of q 2 -expansions. 

Denote by Alfc the set of x G Iq^ having exactly k different q 2 - 
expansions. Then Corollary 11.41 says that A4.k = 0 for k > 3, and any 
X E Iq 2 \ (All U AI 2 ) has a continuum of g 2 -expansions. The set Ali 
was investigated by Glendinning and Sidorov [9] . In Theorem 13.61 we 
will give a complete description of Al 2 - Interestingly, we hnd that Ali 
is the set of all accumulation points of AI 2 (see Corollary 13.71) . 

The structure of this paper is arranged as follows. In Section [2] 
we classify the branching points and recall some results on countable 
expansions. In Section [3] we give a complete description of points in 
having exactly two different g 2 -expansions. The proof of Theorem 11.21 
will be given in Section 01 

2. BRANCHING POINTS 

For q G (1, 2) and x E Iq = [0, l/(g — 1)] we denote by Sq(x) the set 
of all g-expansions of x, i.e., 



where {0,1}°° means the set of sequences (q) with q G {0,1} for all 
i > 1. We will always write S(x) instead of Sq(x) if no confusion arises 
for q. 

For n > 1 let {0,1}" be the set of words Ci • • • c„ with Cj G {0,1}, 
and we write for {0,1}* the set of all hnite words ci • • • G {0, !}"■ 
for all n > 1. For two hnite words Ci • • • Cm, di - ■ ■ dn E {0,1}* we 
denote by Ci • • • c^di ■ ■ ■ dn their concatenation. In particular, we write 
for (ci • • • Cm)*' and (ci • • • Cm)°° the concatenations of the word Ci • • • Cm 
to itself k times and inhnitely many times, respectively. Furthermore, 
we write for Ci • • • c„ := (1 — Ci) • • • (1 — c„) the reflection of the word 
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Cl ■ ■ - Cn, and denote by (cj) := (1 — Cj) the reflection of the sequence 

(Ci). 

For q G (1,2) we consider the following expanding maps 


( Tqfl{x):=qx if 0 < x < l/{q‘^ - q), 
y Tq^i{x) := qx — 1 if l/q < x < l/{q — 1). 

Note that 1/q < l/{q‘^ — q), and the interval 




iq q--q_ 

is called the switch region of {TqQ,Tq i} (see |1]). This is because for 
X G we have a choice between T^ q and i. For a point x G Iq, if 
|S(x)| > 1, then there exists a word di • • ■ G {0,1}* such that 


Tq^di-d„{x) := Tq^di O • • • O Tq^d„{x) G Sq. 

Here |H| denotes the cardinality of a set A. In particular, for n = 0 we 
set Tq^di-d„ as the identity map. 

For g G (1,2) we classify the points in Sq in the following way: 

• Let ^i(g) be the set of points x E Sq satisfying 

|S(Tq,o(x))| < cx) and |S(Tg,i(x))| < oo; 

• Let A 2 {q) be the set of points x E Sq satisfying 

|S(Tg,s(x))| < CX) and |S(Tg,i_ 5 (x))| = cx) 
for some s G {0,1}; 

• Let A^i^q) be the set of points x E Sq satisfying 


|E(Tq,o(x))| = oo and |S(Tg,i(x))| = oo. 


Then Sq = ULM*(^)- 

Let X E Iq with |F(x)| = cx. The point Tq^dv-dnix) is called a 
branching point of x if Tq4^...dAx) e ^2(g) U^3(g). 

Recall from [1] that a point x E Iq with |S(x)| = x is called a q-null 
infinite point if all of its branching points belong to ^ 2 (<?)- Clearly, if 
X is a g-null infinite point, then so are its branching points. 

For q E (1, 2) let 


J,: = 


q + q^ 1 + 
g4 - 1’ g4 - 1 
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The following lemma is shown by Baker [H Lemmas 2.7 and 3.1]. 


Proposition 2.1. q G Shq LI {qc, ?/] if and only if A 2 {q) H Jq contains 
a q-null infinite point. 


3. TWO g2-EXPANSIONS 


In the remainder part of the paper we will £x g = g 2 ~ 1.71064. 
By Theorem 11.11 it follows that points in Iq^ can only have a unique q 2 - 
expansion, two g 2 -expansions, countably inhnitely many g 2 -expansions, 
or a continuum of g 2 -expansions. In this paper we will show that the 
third case can not occur, i.e., points in can not have countably 
inhnitely many g 2 -expansions. 

Recall in Section [1] that M.k is the set of x G Jgj having exactly k 
different g 2 -expansions. We denote by At], the set of corresponding 
g 2 -expansions (dj) satisfying 



We point out that a number x G M.k corresponds to k different q 2 - 
expansions in At].. 

Note by Theorem II.II that for g = g 2 if 1^(3^) I < OO) then |S(x)| = 1 
or 2, i.e., x G Ali U Al 2 - The following lemma for Ali was shown by 
Glendinning and Sidorov [9l Theorem 2]. 

Lemma 3.1. 


OO 


M, = {(0”),„ (1“),J U U {(O^llO)”),,, (l‘(01)”),J . 


Now we turn to the investigation of Al 2 - This will be done by a 
sequel of lemmas. The complete description of At 2 will be given in 
Theorem 13.61 Interestingly, we prove in Corollary 13.71 that the set of 
all accumulation points of AI 2 is exactly Ali. Therefore, we conclude 
that Al 2 is a discrete set containing countably inhnitely many elements. 
Furthermore, AI 2 is not closed. 

Recall that Ai = A.i(g 2 ) is the set of x G such that both 
|S(To(x))| and |S(Ti(x))| are finite. Here and in the sequel we will 
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write Ts instead of Tg^^s for s G {0,1}. By Theorem 11.11 it follows that 
is the set of x G Sg^ such that 

|E(T„(i))| = |S(ri(i))| = 1. 

This implies that Ai C A42- 

The following lemma for Ai was shown in [21 Proposition 3.1](see 
also, [m Proposition 2.4]). For self-containedness we give an alterna¬ 
tive proof. 

Lemma 3.2. 

A = {(01(10)“),,, (10(01)“),,}. 

Proof. Takex G Ai. Then To(x), Ti(x) G Mi- Bv Lemma 13.II it follows 
that X must be of the form 

X = (10-^(10)°°)g2 = ( 01 ^( 01)°°)52 for some j, k > 0. 

Note that g 2 > qc- One can easily check for j, k = 0,1 that 

(W(10)“)„ > \ and (01*(01)“)„ < l/g,. 

q2\q2 — 1 ) 

Then 

X = (10-^(01)°°)g2 = (01^(10)°°)q2 for some j, k >1. 

Equivalently, q 2 should be a positive root of the equation 
1 1 _ 1 1 1 
q — 1) q^{q^ — 1) 

for some j,k > 1. Simplifying the above equation it suffices to show 
that q 2 is a positive root of 

(3.1) q~^ + q~^ + q^ — q — 2 = 0 for some k,j > 1. 

One can easily check that q 2 satishes the above equation for (j, k) = 
(1, 3) or (j, k) = (3,1), and in this case 

X = (io(oi)°°),2 = (ofo(io)-),2 G A, 

or 

X = {lO^oiDg, = (oi(io)Ag, e A. 

We will finish the proof by showing that (j, k) = (1, 3) and (3,1) are 
the only two cases such that (13.1 p holds for q = q 2 - 
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Let 

f{q) = + q-^ + q^-q- 2 . 

Then /(\/2) < 0 < /(2), and f'{q) > 0 for g G [\/2, 2). This implies 
that Equation (13.Ih has a unique solution in [\/2, 2), and we denote it 
by Qj^k- The proof will be hnished by the following observation: 

(i) for each j > 1 the sequence qj^k is strictly increasing as A: —)■ oo; 

(ii) for each A: > 1 the sequence qj^k is strictly increasing as j —)■ oo. 

By symmetry we only give the proof of (i). For simplicity we write 
qk = qj,k- Then by (13. Ih we have 

qk’' + qk^ + ql ~ qk - 2. = 0 = ^ - qk+1 - 2 

< qk+i + qkii + ql+i - qk+i - 2 

i.e., 

!{qk) < /(gfc+i). 

This implies qk < g^+i, since / is strictly increasing in [\/2, 2). □ □ 

Based on Lemma 13.21 we give a characterization of (see also, 

%m)- 

Lemma 3.3. x G M .2 if, o-nd only if, there exists a finite word di - ■ ■ dn & 
{0,1}" with n >0 such that 

G Ai and Td^...dfix) ^ Sq^ 

for all 0 < i < n. 

Proof. The sufficiency follows by Lemma [321 For the necessity, we take 
X G M. 2 , and let (a*) and {pi) be the two g 2 -expansions of x, i.e.. 

Let A; > 1 be the least integer such that Ok hk. Then 
O‘k+lO‘k+2 • ■ ■ G hk+\hk+2 • ■ ■ G 

and therefore 

Tai(^) ' ' ' )q2 ipkPk+1 ' ' ' )q2 ^ Ai- 
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Moreover, for any i < k — 1 we have Ta^...a^{x) ^ since otherwise 
the point x will have more than two g 2 -expansions which contradicts 
to X e M. 2 - 

Therefore, the necessity follows by taking di ■ ■ ■ dn = ai ■ ■ ■ a^-i. □ 


□ 


Note that {{di))q^ = l/{q 2 — 1) — (('^i))g 2 - Similar to Aii we prove 
that A ^2 is also symmetric. 

Lemma 3.4. x G A ^2 if and only if 1/{q 2 — 1) — x E A^ 2 - 

Proof. Let x G M. 2 - By Lemma 13731 it follows that there exists di - ■ ■ dn E 
{0,such that G Ai. Then by Lemma [372] we obtain that 



T- 




— . Tdi---dn{x) 

g2 -1 

G Ai- 


Furthermore, for all 0 < i < n we have (x) ^ Sq.^ i^i only if. 



By using Lemma [3.3! this implies l/{q 2 — 1) — x G M 2 - □ □ 


In terms of Lemma 3.3 we still need to investigate all of those hnite 
words di - - - dn such that 

{di---dnClC2---)q2EM2 Wlth {{Ci))q., E Al. 

By Lemmas 13.2! and 13.4! it suffices to consider the case for ((cj))q 2 = 


( 01 ( 10 )-), 2 - 

Lemma 3.5. For n > 2 let rjn ■= di - - ■ (i„(10)— G M 2 with dn-idn = 
01. Then the following statements hold. 

(A) If did 2 = 00, then Orjn E M 2 , Irjn ^ M 2 ; 

(B) If did 2 = 11, then Irjn E M2,0T]n ^ M 2 ; 
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(C) If did 2 = 01, then Orjn, Irjn G 

(D) If did 2 = 10, then Orjn, Irjn G Ai 2 - 

Proof. By symmetry we only prove (A) and (C). 

First we prove (A). Snppose did 2 = 00. Then n > 3, and by Lemma 
13.31 it snffices to prove that 

/o((hn)(j2) ^ ^q2i fliiVn)q2) ^ ^q2i 

where 

/,(a:) s G {0,1}. 

Q2 

It is obvious that 

fo{{hn)q2) < ( 0001 “),, < -. 

Q2 

This implies /o(( 17 ^) 92 ) ^ ^q 2 - Note that 

i < (01110“),, < (Olllaiaa ■■■),,< (01“)„ = . ^ 

q2 q2[q2 - 1) 

for any [af) G {0,1}°°. By Lemma [3.31 it follows that the word 111 can 
not appear in rjn = OOda • • • d„(10)“, and therefore, 

(//„)„ = (00d3---d„(10)“)„ < (00(110)“),,. 

This implies 

- < /l((hn), 2 ) = ( 100 d 3 ---d„( 01 )“)„ < (100(110)“),, < , ^ 

q2 q2[q2 - 1 ) 

So, (A) is verihed. 

Now we turn to the proof of (C). Suppose did 2 = 01. One can easily 
check that 

/o((hn), 2 ) < (001“),, < l/q 2 , 

implying /o((r?n), 2 ) ^ -S',,. Note that 

- = (10“)„ < (IOOO6162 ■ • • ).2 < (10001“),, < - ^ 

q2 q2{q2 — J-j 

for any {hi) G {0,1}“. Then by Lemma 13.31 it follows that the word 
000 can not appear in rjn = Olda • • • d„(10)°°, and therefore 


{rjn),, = (01d3---d„(10)“)„ > (01(001)“),,. 
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This implies that 

fliiVn),,) = (101ci3---C?n01(10)~),, > (101(001)°°),, > 

Therefore, (C) holds. □ □ 

Now we give a complete description of Ai 2 based on Lemmas l3.2H3.5l 
Theorem 3.6. 

oo oo 

•^2 = U U ■ 

m=0 k=l 

where 

(3.2) Ek := (01)^(10)°° for k > 1. 

Proof. By Lemma 13.51 it follows that 

for all m > 0 and k > 1. Then by Lemmas 13.41 we obtain the part. 

For the “C” part, we take x E M 2 . Then by Lemmas 13.21 and 13.31 
there exists a word di ■ ■ ■ snch that 

T,,..,„(a:) G A = {(01(10)°°),,, (10(01)°°),,} 

and 

Tdi-.-diA) ^ Sq2 

for any 0 < i < n. 

Withont loss of generality we assnme Tdj^...d„{x) = (01(10)°°),,. Then 
a; = (di---d„01(10)°°),„ 
and hence by Lemma 13.51 it follows that 

OO OO 

a; = (di---d„01(10)°°)„e IJ \J{A^ek\,A^'"ek\A- 

m=0 k=l 

□ □ 

By Lemma 13.11 and Theorem 13.61 we have the following connection 
between Mi and M 2 . 

Corollary 3.7. The set of all accumulation points of M 2 is Mi. 
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By Theorem 13.61 and Corollary 13.71 it follows that A ^2 is a discrete 
set containing countably inhnitely many elements. Furthermore, A ^2 
is not closed. This is opposite to since we know by Lemma [3T] 
that M-i is not discrete but closed. 

4. Proof of Theorem 11.21 

In this section we will prove q2 ^ . In terms of Proposition 12.11 it 

suffices to prove that A2 H Jq^ contains no g 2 -null inhnite points, where 

(4.1) Jq^ = [((0110)“)g2, ((lOOl)^)^^] ^ [0.613089, 0.794085]. 

Recall that A2 is the set of x G Sq^ such that |S(T 5 (x))| < 00 and 
|S(Ti_ 5 (x))| = cxo for some s G {0,1}. By Theorem 11.11 it follows that 
Ts{x) G Ml U M 2 , and therefore 

1 

A2 C \JT-\M1UM2). 

s=0 

In the following lemma we give a characterization of A2 H Jq^ . For a 
real number r and a set A we dehne r — y4 = {r — a:aG A]. 

Lemma 4.1. 

A2 njq,= IJ fEm u - Bm)) , 

m=l V ^2 / 

where 

00 

:= U {(or+'Ej,,, (10-"Tt)„} \ {(10£i),J 

k=l 

for m = 1, 3, and 

00 

:= {(01^(10)°°),,} U IJ {(01™+i£fc),„ . 

k=l 

for m = 2,4. 

Proof. Note that Jg^ = [((0110)°°)q2, ((1001)°°)g2]- This yields 

(or(10)“)„ > ((1001)“),., (10=(01)“),. < ((0110)“),.. 










12 


YURU ZOU AND DERONG KONG 


Then by Lemma [3. II we obtain that 

1 4 

(4.2) [J r.-‘(A4i) n J,. = [J {( 01 ">( 10 )“),„ (lO'-lOl)”),,} , 

s=0 m=l 

Furthermore, by Theorem 13.61 and fl4.1l) it follows that 

(4.3) 

1 4 oo 

|Ji;-'(A 42 )nJ„= U 

s=0 m=l k=l 

4 oo 

U IJ IJ (lo^),,} \ {(ToiT),,}. 

m=lk=l 

Note by Lemma [3.21 that 

(4.4) A = {(01(10)“),„(01=>(10)“)„}, 

and by Theorem 11.11 that 

1 

AiUA2=\JT-\MiUM2). 

s=0 

Therefore, the lemma follows by using (I4.2p - (l4.4p in the following equa¬ 
tion: 

A n j,, = ((ij r,-‘(A4,) n j,,) u ([Jt.-'ai, n J„)) \ a. 

\ ^ s=0 ^ s=0 ^/ 

□ □ 

By using Lemma 14.11 one can easily verify the following monotonicity 
of the elements in A 2 H Jg^. 

Lemma 4.2. (1) For each m > 1, we have for k ^ 00 that 

(105=ia,. /' (01'"(10)”),„ (01"'+‘et)„ \ (01’"(10)~),„ 

(Ol^+'eO,, /■ (01”(10)“),„ (10”£t),i \ (01“(10)“)„; 

(2) A 2 n Jq^ C FL, where 

4 4 

n :=\J [{W^i)g„{01^+^ei)g,] U IJ [(01™+%i),„ (10™£i),J 

m=l m=l 

Let J\f be the set of all g 2 -null inhnite points. The following lemma 
says that M is symmetric. 
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Lemma 4.3. x E J\f if and only if l/{q 2 — 1) — x E M■ 


Proof. Note that for s E {0,1} we have 

1 \ 1 


Ti_. 


X = 


Ts{x). 


,^2 - 1 / g2 - 1 

This means that (rfj) is a g 2 -expansion of Ts{x) if and only if (dj) is a 
g 2 -expansion of Ti_s{l/{q 2 — 1) — x). Therefore, 

1 

'(12 




= |s(r,(i))|. 


This implies that 


X E Ao 


?2 - 1 


— X E A 2 


Furthermore, one can show that 
T- ' ^ 


P " " " dfl 


Q2 


X = 


92 


Tdi---dn (x) , 


and therefore 

Tdl-dn(^) ^ *^2 


T-r 


x) E A 2 ■ 


■ "dn \ ^ 1 

\q2 — 1 

Hence, the lemma follows by the dehnition of g 2 -iiull inhnite points. 


□ 


□ 


In order to prove Theorem 11.21 we need some numerical calculation. 
By fl3.2p we obtain 


(4.5) 






7TL^‘2h-\-^ 771 - 1 - 2 ^- 1-1 

H2 


- 4 ?^“+ 42-1 


g”+“+"(,| - 1) 

^m+2fc+2 ^m+2k , ^2k i „ i 

02 _ ~ O 2 + 02 + 02 -^ 

,™+“+'(4l - 1) 


Then by Lemma 14.21 we give the approximate values for intervals of 
PL in Table [H 

Now we turn to the proof of q 2 ^ Skq. By Proposition [511] it suffices to 
prove that A 2 PJq 2 contains no g 2 -iiuh infinite points. Then by Lemmas 
10 and 14.31 we only needs to show that Em fl A/" = 0 for m = 1, 2, 3,4, 
where Em is defined in Lemma [4.11 

Our approach to prove EmPPf = 0 is as follows. Vl x E EmPff, then 
Tdj^-d„{x) E Jq^ implies that Td^...dSx) ^ A 2 . So, to exclude a point 
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Table 1. Approximate values for intervals of "H 


m 

|(10”>£,),„ (Ol^+lfi),,] 

l(01'”+%,),„(10’"£,)„| 

1 

[0.602117, 0.670382] 

[0.736792, 0.805057] 

2 

[0.693711, 0.733617] 

[0.673557, 0.713464] 

3 

[0.747254, 0.770582] 

[0.636592, 0.65992] 

4 

[0.778554, 0.792191] 

[0.614983, 0.62862] 


X G Em. from Af it suffices to prove that there exists a word di - ■ ■ dn 
such that Tdi...d„{x) G Jq^ \ A 2 . 

Lemma 4.4. Em n A/" = 0 for m = 1 and 3. 


Proof. Recall from Lemma [4. II that 

00 

Em := U \ {(10£i),J 


k=l 


for m = 1,3. By fl4.5p and using = 2g| + ^2 + 1 it follows that for 
any fc > 1 we have 

7'(10)''-l03l((01^£fc)g2) 


= ^2 


/ ^2/cH-3 _i_ 2k-\-2 _ 2k-\-l i ^ _ 1 

2 fc +2 / ^2 + ?2 ?2 + ?2 J - 


/ 1 l-q 


-2k+2 


qf^\ql - 1) 


- - + 


\q2 q'^iq'^ - 1) 


\q2 - l)iq2 - 2^2 - ^2 - 1 ) + 2^2 - 1 


2^2 — 1 , 


q2{ql - 1) 

0.734788) eJq,\n, 


qi - q2 

where the last inclusion follows by Table [TJ So, by Lemma 14.21 and 
Proposition 12.11 it follows that {0l‘^ek)q2 ^ Af for any k >1. 

Similarly, by fl4.5p and using q^ = 2ql + ^2 + 1 one can show that 

^(10)'“+l0l((01^^fc)g2) = ^(10)'=l2o((10^^A:)g2) = ~3- ^ Jq2\^ 

q2 — q2 

for any k>l. This implies (01^£fc)g2 5 iX^‘^^k)q 2 ^ ■ Furthermore, 

F(io)fc-2i4o((10£fc)52) = “F—^ ^ '^92 


?2 -?2 


for any k >2, implying { 10 ek)q 2 ^ 


□ 


□ 
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Lemma 4.5. Em n Mq^ = 0 for m = 2 and 4. 


Proof. Recall from Lemma 14.11 that 


OO 


Em := {(01™(10)°°),J U IJ . 



By fl4.5p and using g| = 2^2 + g 2 + 1 it follows that 



as fc —)■ CX3. Then, by Tabled] it follows that 


To2i((012(10)°°),J = 2 !.% 0.672386) e Jq^^. 

Q2 


This implies (01^(10)°°)g2 ^ A/". 

Note by (14. 6 h that To2i((01^e:fc)q2) decreases as A; ^ 00 . Then by 
Table d] and numerical calculation one can show that 


To2i((01^e:A:)g2) ^ >^2 \ 


for all k > 5. So, by Proposition 12.11 and Lemma 14.21 it follows that 
(01^e:fc)q2 ^ AC for all k > 5. 

In the following we will prove (01^£fc)q2 ^ AC for A; < 4. First we 
consider the case k = 4. By fl4.6|) and Table [1] h follows that 


To2i(( 013£4),J ^ 0.675327 e [(10%i),2, (lO'^i),,]. 


Then by using the monotonicity in Lemma 14.21 one can show that 


(01%l),2 < To2i(( 013£4),2) < (01%2)g2, 


which, together with Lemma ITTl implies that To 24 (( 01 ^£ 4 )g 2 ) G Jg 2 \Al 2 . 
Therefore, (01^£4)g2 ^ AC. 

Similarly, one can show by using Lemmas 14.11 and 14.21 that all of 
these numbers To2i((01^£i)q2) ~ 0.746083, To2i((01^£2)g2) ~ 0.69757 
and To2i((01^£3)g2) ~ 0.680992 belong to Jq^\A 2 . Hence, (01^efc)q2 ^ AC 
for all A: > 1. 

Symmetrically, by fl4.5p and using = 2^2 + ( 3'2 + 1 we obtain 


Tio2i{{01^ek)q2) 
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a.s k ^ oo. This yields that (01^(10)°°)q2 ^ A/". In a similar way as 
above we can prove that { 01 ^ek)q 2 ^ TV for all fc > 1. 

Furthermore, the proof of 

( 10 ^£fc)g 2 , ( 10 ^e:fc)g 2 ^ TV for all A; > 1, 


2. ^ ^ _ 2g2 - 1 + qt"’' - . 2^2 - 1 , , ^ 

t Jq2 \ ft’, 


can be done in a similar way by observing that 
Ti2o((10^£fc)q2) = —-1 

and 

Toi.o((10^5.),J = ~ ~ ~ 

as fc ^ cx). □ 


ql-q-i 




^2-1 


□ 


Proof. By Lemmas I4.4H4.5I it follows that 

4 

AT n IJ = 0. 

m=l 

Then by Lemmas 14.11 and 14.31 we have 

AA n ^2 n Jq 2 = 0. 

Therefore, we conclude by Proposition 12.11 that q 2 ^ Shq- 


□ □ 
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